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Motivation

Low-rank compression is one of the big ideas in applied math.

n

Original 576x1024

Z (rxr) VT (rxn)

Rank 40 approximation

A(mxn) U (mxr)

Figure from tensorflow.org

0 200 400 600 800 1000

VIRGINIA
TECH.



Motivation

Low-rank matrix/tensor have been widely adopted in data
science, qguantum mechanics ...

poF] Lora: Low-rank adaptation of large language models.

EJ Hu, Y Shen, P Wallis, Z Allen-Zhu, Y Li, S Wang... - ICLR, 2022 - arxiv.org

... Low-Rank Adaptation, or LORA, which freezes the pre-trained model weights and injects
trainable rank ... For GPT-3, LoRA can reduce the number of trainable parameters by 10,000 ...
% Save DPY Cite Cited by 12112 Related articles All 12 versions 9
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Low-rank methods to help numerical PDE

Baseline:
We store the unknowns of PDE solution as

matrix {X; ;} or tensor {X; ;.. }.
If they have low-rank property, we modify traditional
PDE discretizations to incorporate this compression.
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Questions:
(1) What is low-rank? - Separation of variables.

e Suppose the PDE solution on 2D X(z,y) is separable, i.e. it can be ex-
pressed as X (x,y) = f(x)g(y), Then X (x,y) represented by 1D functions

f(x) and g(y).

e Of course, we are not that lucky, but we hope X (z,y) = > ._, fi(2)g:(y).
Then we only need 2r 1D functions.

Questions:
(2) If it holds, how do we compute the low-rank factors directly?

e If we can compute f;(x), g;(y) directly, then we are “solving” 1D problems.
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Low-rank in physical applications

What is low-rank in physical applications?

* Stochastic/parametric problems. Reduced order models are constructed
Based on POD.

* Note: the difference with ROM is here we don't have the offline phase.
Everything is online.
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Low-rank in physical applications

Kinetic problem f(x,v) ~ p(x)M (v), e.g. particles in equilibrium. Meso —
Macro.

Many body problem f(x1,v1,22,v2) &~ fi(x1,v1)f2(x2,v2). Independent
particles.

'Smoother’ is better.

And quantum applications...

What is low-rank in physical applications?
—- It's a measurement of complexity.
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Numerical approaches to obtain low-rank solutions

- Time-independent PDE
- lterative scheme with truncation
- Optimization based approaches (ALS)
- Greedy, PGD
- Time-dependent PDE
- Dynamic low-rank approximation

_ See Bachmayr, Low-rank tensor
Step and truncate methods for partial differential
- Space time equations, Acta Numerica 2023.

This work belongs to Iterative scheme with truncation’

—- The key is to control intermediate rank and iteration number
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This talk will focus on how to obtain low-rank solution of nonlinear PDE
formulated as nonlinear matrix equation

G X)=X or F(X)=0

where X is approximately a low-rank matrix, so 2D case for now
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Example: Bratu problem

Ugg + Uyy + A" =0

2nd order FD

Fp(i,7; X) = h% (X(i+1,7) —2X(4,5)+ X(2—1,7))
9” (1)
g (X007 +1) = 2X() + XG0 = 1)+ 2X0) 0

Goal: design iterative scheme to obtain the low-

rank factors of X, given a desired Tolerance
VIRGINIA



Bratu problem

Iteration 1
/\ O = =Trucation
oL e Residual
0.1, . | 107} ‘
0.8 o
o — 6 ————————————
0.6} | ot e
0.05 . (®)
10'5 b O
0.4} ) O o
OO
0, 0
1 2 0.2} oO
Q
10}
0.5 0.5 L ‘ . ) A 10
0 o0 0.2 04 0.6 0.8 0 5 10 15 20

200X200 mesh

VIRGINIA
TECH.



<
pd
oI
O
>




Outline:
* Motivation
 Low-rank solution to nonlinear matrix differential equations

* Cross-DEIM
* Numerical experiments

VIRGINIA
TECH



Low-rank numerical methods for matrix differential equations

- Linear matrix equations

- A well-studied topic in numerical linear algebra,
see Simonicini, SIAM review, 2016

Nonlinear matrix equations
- less studied so far

- Newton + (low-rank)TT-GMRES, Adak et al, 2024, Rogers,
Venturi, 2024

- Riemannian optimization, Sutti, Vandereycken, 2024
- Sparse residual collocation, Naderi, Akhavan, Babaee, 2024

VIRGINIA
TECH



Anderson Acceleration is a natural and great candidate for low-rank!

- AAis a popular approach for accelerating fixed point
Xn—l—l G(Xn)

- We will see fixed point iteration is great for low rank!
(In later slides)

- Finite window size gives us rank control! (Critical
point for iterative low-rank methods)

- And more...

This work is motivated by low-rank GMRES for linear

problems.
VIRGINIA
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Anderson Acceleration (Anderson, 1965)

Algorithm Unconstrained variant of Anderson acceleration in R".

Input: ¢ € R", memory parameter m > 1.
Output: z; € R" as an approximate solution to z = g(x).
r1 = g(xg).
for £k =1,2,... until convergence do
mi = min(m, k).

Set Dy = (Afe—mys---s Afx—1), where Af; = fiy1 — fi and f; = g(x;) — ;.

Solve 4(*¥) = argmin,cgm, | Dro — fil,  7® = (87,48 )T
M — k
Try1 = g(ag) — SOkt v (@ riv1) — (T 1i)] -
end for

See Saad, Acceleration methods for fixed point iterations, Acta
Numerica 2025. C. T. Kelley, SIAM book, 2022.



Anderson Acceleration - make it low rank

ﬁ*x
Algorithm Unconstrained variant of Anderson acceleration ir( R"™)

Input:(zg)c R", memory parameter m > 1.
Output G )€ R™ as an approximate solution to x = g(x).

for k —1 ... until convergence do
mi = mln( k).
Set Dk = (

AﬁC s - -

Switch all iterates, e.g. X, G(X}y) and everything else into their SVD form
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All operations are performed on SVD form, e.qg.

Algorithm 2.4 Computing the least squares solution minimizing || Z;=1 v;U; S VJ-T — USeVE|

Input: low rank matrices in the form U;S; VjT, j=1,...,s, right hand side UgSpV2

Output: v;,5=1,...s

Let U = [Uy,...,Uq], V =[V,..., V]

Perform column pivoted QR: [Q1, Ry,1I;] = qr(U), [Q2, Rz, II] = qr(V)

Set b = VEC(Q{UBSBVEQQ).

Find the least squares « that minimizes the small problem ||Ay — b|| where the kth column of A is
ap = vec(Rll'[kaHQRg), and Dk = diag(O, coo ,0, Sk, 0, cooy O)

VIRGINIA
TECH



For low-rank, we need to truncate! And truncate on
nonlinear function!

Algorithm IrAA for nonlinear matrix equation G(X) = X.

Input: Xy = UpSy(Vp)!, memory parameter 1 > 1, scheduling parameter 6 € (0, 1), tolerance TOL.
Output: Approximate solution Xy, to the fixed point problem G(X) = X in its SVD form.

eq = 1072 # Choose € so that Gy has low rank.
X1 = Gg = Cross-DEIM(G(Xy), Uy, Vo, €ay "max)-
po = || X1 — Gol.

for k=1,2,... do
Gk = CI‘OSS-DEIM(G(X]{), Uk, Vk, €qG, Tmax)-
pr = |Gr — Xk||.
mi = min(m, k).
Solve least square problem to get 7"
Xk—l—l = CI‘OSS-DEIM(Gk — Zﬁko_l %;(k) [Gk—mk+i+1 — Gk—karz'] , Uk, Vk, €q, TmaX).
Set e = Opy.
if p, < TOL then
Exit and return X .
end if
end for
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Algorithm IrAA for nonlinear matrix equation G(X) = X.

Input: Xy = UpSy(Vp)!, memory parameter 1 > 1, scheduling parameter 6 € (0, 1), tolerance TOL.
Output: Approximate solution Xy, to the fixed point problem G(X) = X in its SVD form.
eq = 1072 # Choose € so that Gy has low rank.

X1 = Gg = Cross-DEIM(G(Xy), Uy, Vo, €ay "max)-
po = || X1 — Goll. ~\
for k=1,2,... do

G, = Cross-DEIM(G(X}), Uk, Vi, €6, mmax ). === RaNk truncating operations
pr = ||Gr — Xil|.

. c With warm start

my = min(m, k).

Solve least square problem to get 7" /
Xp41 = Cross-DEIM(G), — S/ %;(k) Gr—mp+it1 — Gr—my+il » Uk Vi, €@, Tmax)-

Set e = Opy.

if p, < TOL then
Exit and return X .
end if

end for Scheduling the truncation VIRGINIA
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Given a rank r matrix X of size m X n, a new matrix G defined through

Gij = G(Xij).

G may not be low-rank, but suppose it is, how do we get its SVD, without
accessing all the entries in X

l.e. We would like sublinear algorithms to get truncated
SVD of G

VIRGINIA
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Cross approximation With stabilization

v
GrG(:,J)GZ J)"GZ,:) = QRiG(Z,J)" Ry Q5 =USV?'

How to chose rows Z and columns 7 ?

13 6 136
2
i -+ ;*
A0 =
doE Y Thus, only O(nr) information is
needed
Comp cost O(nr2)
Figure from J. Ballani and D. Kressner Matrices VIRGINIA
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Index selection for cross approximation

It was shown maxvol index selection is quasi-
optimal

We use DEIM (discrete empirical interpolation
method) based selection

DEIM is a well-known method in model reduction,
and can be used for CUR matrix approximation

It is based on singular vectors, and give better
results than the leverage score based selection.

See Chaturantabut, Sorenson, SISC, 2010, Sorenson, Embree,
SISC, 2016.
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DEIM index selection

- Goal: To approximate matrix G

- Given U, V leading left and right singular vectors (size mxr,
nXr)

- DEIM(U) -> row index set |, DEIM(V) -> column index set J

- Error bound exists and we use it to design stopping criteria
(Donello et al 2023)

Chicken and egg problem: need singular vectors to get index

VIRGINIA
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Fixing the ‘chicken and egg’ problem

- We can do an iteration (similar to maxvol iteration)

- Start with some index ->Cross -> SVD-> update singular
vector->update index

- To have adaptive rank method (rather than fixed rank), we
merge the old and new index. Prune at the end.

- We can warm start the iteration

Xl — G(X™") Singular vectors from previous
iterate are close
Donella et al 2023, Dektor 2024 use Use as Warm Start

Warm start for time-dependent prob. VIRGINIA
TECH



Cross-DEIM

Algorithm [U,S,V] = Cross-DEIM(G,U0,VO0,e€)
Adaptive Cross-DEIM approximation to G € R™*™

1: Input: Matrix G € R™*", initial guess for the singular vector matrix Uy € R™*", V5 € R™"*", tol. e.
2: Output: Approximate SVD of G, U € R™*", § ¢ R"™*", V € R"™*",

- In general, we can start with random vector U 0,V 0O
- In IrAA, we use U _n, V_n to warm start

VIRGINIA
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Cross-DEIM
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Cross-DEIM
for parametric
matrix
approximation

0.8F

0.4F

0.2

-0.2F

0.4

-06

-0.8F

-0.8

-0.6

-0.4

-0.2

0.2

0.4

0.6

0.8

/IRGINIA
TECH.



IrAA: Laplace’s equation
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Laplace’s equation

Rank vs iteration
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Monge-Ampere | | |
Discretized with “method 1” from [6]

_ 22

0*u 07 0? .
5 =) = f(z,y), u=—=(@+y’)

0x? 0y? 0x0y

n =m | IrAA iterations | iterations reported in[6] | final rank
21 109 (7) 1083 13 (4)
61 287 (8) 8967 18 (7)
101 443 (13) 23849 20 (7)
221 675 (11) 107388 26 (8)

Again the scheduling gives much lower
number of iterations.

MENES It is highly beneficial to incorporate local
02 04 06 08 truncation error in rounding / truncation

[6] Benamou, Jean-David, Brittany D. Froese, and Adam M. Oberman.
"Two Numerical Methods for the elliptic Monge-Ampére equation." ESAIM: VIRGINIA
Mathematical Modelling and Numerical Analysis 44, no. 4 (2010): 737-758. TECH



Monge-Ampere: performance of Cross-DEIM
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Allen-Cahn

Here we solve Allen-Cahn u; = w5 Au+ u — u?, X(,7) = ulxi,y,).
We use a 1024 x 1024 mesh.
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sSummary:

* [rAA (low-rank Anderson acceleration): a new approach
for computing low-rank solution to nonlinear problem.

* Cross-DEIM: adaptive iterative cross approximation with
a warm-start strategy.

Future work:

» Generalizing to tensor.

* Application.

* Improve and analyze the method.
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1:

Input: Matrix G € R™*™ initial rank r guess to the singular vector matrix Uy € R™*" V € R**",
tolerance €, maximum output rank 7., maximum index set cardinality Np.x, maximum number of
iterations maxiter.

# QDEIM can be replaced by DEIM

# Note that the index sets are ordered by QDEIM.

# Make sure that that the index set increase by one
# using a random %yanqa from the complement of Z.

# Keep the Npax most important indices.

# Remove redundant rows in R = G(Zx, :).

# Remove redundant columns in C = G(:, Ji).

# Above Snin is the smallest s.v. in the kth approx.

2: Output: Approximate SVD of G, U € R™*", S € R"™*", V € R"*".
3: Set Zop = Jo = 0.
4: for k=1,2,..., maxiter do
5: I,: = QDEIM(Uk_l)
6: J,: . QDEIM(Vk_l)
77 Ly=IZ ULk 1, T < Ty UTk1
8: if |Ik| = |Ik_1| or k=1 then
9: Ir = I,: U {irand € C(IE)}
10 end if
11: if |Jk| = |Jk—1| or k =1 then
12: Tk T U {jrana € C(T)}
13: end if
14:  if |Zx| > Ryax then
15: T Ik(l : Nmax)
16: end if
17: if |Jk| > Rpax then
18: Tk Jk(l : Nmax)
19: end if
20:  [Ug, Sk, Vk,7c,TR] = scross(G, Ik, Jk)
21: forl=1,2,...,|Zx| do
22: if |(TR)[| < 10712 then
23: Remove element [ from Zj
24: end if
25: end for
26: forl=1,2,...,|Zx| do
27: if |(rc)i| < 10712 then
28: Remove element [ from 7
29: end if
30: end for
31: p= ||UkSkaT — Uk_lsk_1VkT_1||, Smin = min(diag(Sk))
32 m = (IGZR) Ukl s me = IVEL( Tk, ) ll2
33:  if max(p, min(n1 (1 + 72),m2(1 4+ 71))Smin) < € then
34: Break out of for loop
35: end if
36: end for

37: Find r* so that Z;’;’:(Tlﬂ) S < €
38: Set r = max(min(7*, 7pay), 1)
39: Return Ug(:,1:7),Se(1:m1:7), V(5,1 :7)
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